We study, theoretically and experimentally, the dynamical response of macroscopic Turing patterns to a mechanical periodic forcing which implies a sinusoidal modulation of gravity. Theoretical predictions indicate that the extra energy, due to the forcing, modifies the diffusion coefficient at a microscopic level, producing changes in the Turing domain and in the pattern characteristics, in particular its wavelength. To check the theoretical analysis, we perform numerical simulations with standard models. Experiments were also performed in the closed Belousov-Zhabotinsky reaction confined in AOT microemulsion ͑BZ-AOT system͒. Experiments as well as numerical and theoretical results show good agreement.
I. INTRODUCTION
Dynamical pattern formation in nonlinear dynamics systems has constituted a rapidly developing field, in physics, biology, environmental science, and even social sciences. Nonlinear dynamics laws describe patterns extending within a range from a few micros ͑the size of a living cell͒ to the planetary scale or even cosmology scale ͓1,2͔. Nonequilibrium patterns ͓3,4͔ are exemplified by elegant dynamical forms ͑patterns͒ described by biologist as widespread in the kingdom of microorganism ͓5͔. The increasingly greater interest in nonequilibrium patterns stems from the experimental discovery of Turing patterns ͓6͔, first predicted by English mathematician Allan Turing in his latest work, which appeared in 1952, shortly before his death ͓7͔.
The universal nature of nonlinear dynamics accounts for the importance of the correct choice of the laboratory systems for the study of the pattern formation mechanism. Such systems include a homogenous chemical reaction discovered by Belousov ͓8͔ and interpreted by Zhabotinsky ͓9͔ ͑the BZ reaction͒. Turing mechanism was proposed to explain the cell differentiation in the first days of development of early embryos ͓10͔, and the pigmentation of the skin of animals ͓11͔. The BZ-reaction in water-in-oil aerosol OT͑AOT͒ microemulsions ͑BZ-AOT systems͒ has been studied for the last 15 years ͓12-15͔, and turns out to be especially rich in various types of waves and patterns; in fact, it is the only closed system capable of exhibiting Turing patterns allowing multitude of tests. Typically, these structures were studied in reaction-diffusion systems, but in Nature, pattern formation usually occurs in presence of external forcing, thus, it is necessary to develop a more general description, in order to understand the mixing processes and their impact in pattern formation mechanisms. The influence of the temperature and density gradients have been studied by several authors ͓16,17͔, as well as, the dynamical response to a certain types of periodical forcing ͓18-20͔.
This paper is focused on stationary patterns or Turing patterns in chemical reaction-diffusion systems, which is exemplified by a two-dimensional BZ-AOT system. We attempt to modify the pattern formation mechanism by introducing a periodical temporal forcing vertically to the system ͓21͔, such that convection is not allowed due to the physical constrains ͑as it happens in many natural systems where convection is not allowed although forcings are nevertheless present͒. Thus, only diffusion transport is allowed. In Sec. II, the setup used for the experiments is described as well as the characteristics of the BZ-AOT reaction. Section III deals with the theoretical model including the effects of the forcing under Turing conditions. Numerical simulations are also presented to verify the theoretical predictions. To verify the theoretical and numerical predictions, in Sec. IV, experimental data is shown and compared with all other results. Finally, Sec. V presents the conclusions and discussion.
II. SETUP AND MATERIALS
The setup shown in Fig. 1 was used for the experiments. Primarily, we intend to introduce a vertical sinusoidal forcing ͑in the gravity direction͒ on our almost two-dimensional closed BZ-AOT system, therefore, the two main elements are the electromagnetic vibrator and the reactor. Other items can be sorted out depending on whether they are used to quantify the type of forcing such as the oscillator accelerometer or oscilloscope, or for observation and analysis of the BZ-AOT system, such as camera, filters, or diffusers.
The electromagnetic vibrator ͑TIRAvib S511 GmbH͒ which is connected to a power amplifier ͑TIRAvib BAA 120, TIRA GmbH͒, achieves a sine rated peak force of 75 N, and a maximum acceleration of 50 g, a maximum rated travel of 10 mm, and a frequency range from 2 to 7000 Hz. We use a type of sinusoidal forcing in the z direction ͑vertical to the system͒, and it is obtained from a function generator ͑HP-33120A͒. The actual acceleration function of the reactor is measured by a piezoelectric accelerometer ͑PCB piezotronics M353B18͒ and a power signal conditioner ͑PCB piezotronics 480C02͒, so that the amplified signal is analyzed with a digital oscilloscope ͑HP-54645͒. The applied forcing frequency reached 150 Hz with amplitudes up to 1 cm.
The reactor where the BZ-AOT reaction takes place preserves cylindrical symmetry, and it consists of two glass * Corresponding author; jacobo.guiu@rai.usc.es disks, separated by a Teflon annular disk with a thickness of 80 m, inner and outer diameters of 3.5 and 5 cm, respectively. Thus the reaction is located in an inner cylinder of diameter 3.5 cm and height 80 m.
The vibrated BZ-AOT reaction is analyzed with the following acquisition image set. In order to achieve optimal contrast, we illuminate the sample with a blue high-intensity diode array LED which emits monochromatic light passing through a series of light diffusers until the reactor. After passing through the reactor, the light hits the camera ͑Guppy AVT 64 fps͒ where the image is magnified with an achromatic objective ͑DIN 4x Edmund Optics͒ and finally processed in the computer.
Our observation and data acquisition protocol consists in observing the differences between two identical samples, one forced and the other at rest. The final states of each sample are thus compared. The evolution time needed for the pattern to appear and to reach a steady state is 40 min. The room temperature was kept constant at 24Ϯ 2°C.
We have used a water-in-oil AOT microemulsion, which can be regarded as a physical milieu in which nanometer sized water droplets diffuse, collide, fuse, and separate. These microemulsions are a thermodynamically stable system composed of water, surfactant ͑AOT͒ and oil ͑e.g., octane used in our experiments͒. An AOT molecule contains a small polar group and two long tails facing the hydrophobic phase ͓22͔, and for this reason we have a microemulsion composed of water cores surrounded by a monolayer of AOT molecules submerged in the continuous hydrophobic phase, as octane. The radius of the droplet´s water core in nanometers is roughly determined as R w = 0.17 ͓23͔, where = ͓H 2 O͔ / ͓AOT͔. The hydrodynamic radius ͓24͔ is measured with dynamic light scattering experiments and therefore allow us to determine the volume of the micelles. Assuming that the micelles are filled with water ͑or subsequently the BZ reactants are considered diluted which is the case͒, we estimate the mass of one micelle about three or more orders of magnitude larger than the bromine molecular mass. Following previous works ͓25͔, Turing patterns are only obtained below percolation threshold. Thus, to obtain the nanodroplets, we start from two initial microemulsions, denoted by ME 1 and ME 2 ͑see Table I͒ , that we dilute with octane until the desired concentration. In the experiments, the volume fraction of our active microemulsion is d = 0.48 and can be easily obtained with the following proportions: 1 ml ME1 + 1 ml ME2 + 1 ml Octane.
The advantage of using BZ-AOT system against classical chlorine dioxide iodide malonic acid ͑CDIMA͒ reaction is that the first allows the study of Turing patterns in closed systems at room temperature, thus many physical tests can be considered without the complexity of open reactors. The BZ reaction involves more than three dozen elementary reactions ͓26͔, so working with them is very complicated. Therefore, we use a simplified model that includes most of the characteristics of the reaction, that corresponds to the two variable Oregonator-like model modified for BZ-AOT system ͓27,28͔,
where u and v are the dimensionless concentrations of the activator and the inhibitor ͑oxidized catalyst͒, respectively. The values for the parameters are f = 1.85, q = 0.004, m = 10, 1 = 0.02, and = 0.4. It is important to note that the concentration of the oxidized catalyst is linearly related to that of the inhibitor ͑bromine͒ through mass exchange and chemical transformations ͓29͔. In the future we will refer at the specie v as the inhibitor, in particular when dealing with diffusion coefficients. We assume D u Ӷ D v ͑approximately 10 −9 and 10 −7 m 2 s −1 , respectively ͓30͔͒, since the inhibitor v ͑bro-mine molecule͒ diffuses much more rapidly in the oil phase than the activator u that it is included inside the micelle, being possible to approximate the diffusion coefficient of the activator by the diffusion coefficient of the nanodroplet. The reason we use a model of reaction-diffusion, despite of the forcing applied, is that, the geometry and dimensions prevent flows to appear as discussed above. In particular, the small vertical dimension, 80 m, makes the boundary layer to cover the whole system. In our system the Reynolds number , where x = 3.5 cm is the diameter of the reactor and Re the Reynolds number. Therefore, the value of the boundary layer thickness ranges from ␦ = 5.42 cm to ␦ = 4.76 cm, much larger than the vertical dimension of the reactor 8 ϫ 10 −3 cm. Thus, it is appropriate to consider that the flows are heavily influenced by the boundaries, so convective phenomena are strongly inhibited.
III. THEORETICAL AND NUMERICAL ANALYSIS

A. Canonical ensemble
As no convective flows are allowed in the system, the only transport for the molecules is due to molecular diffusion. Thus, we will try to analyze the influence of the parameters controlling the vertical forcing on the molecular diffusion coefficients A statistical analysis based on a canonical ensemble is made to describe the behavior of the main species governing our BZ-reaction ͑activator and inhibitor͒. A sinusoidal forcing in the z direction is applied and statistical observables of our system can be estimated, in particular the diffusion coefficients. The activator molecules remain inside of AOT-micelle, therefore in the aqueous phase, while the inhibitor molecules can go through micelles and move into the oil phase. Thus the diffusion coefficient for the activator will be the same as that of the micelles, and for the inhibitor will be that of the bromine molecules.
The reference system of this theoretical model is the laboratory, and the particle position is composed by the sinusoidal motion of the forcing and the motion of the particles inside of the reactor, where the BZ-reaction takes places. Therefore the position vector within the laboratory reference system is
where xЈ , yЈ , zЈ is the position of the particles inside of the reactor. Note that in the xy directions, there are only thermal fluctuations, while in the z direction there is also a sinusoidal forcing ͓with z ϳ A sin͑t͒, since zЈ Ӷ A sin͑t͔͒. Thus the resulting Hamiltonian, by neglecting variations in the gravitational contributions and introducing the vibrational potential, is
In order to estimate changes in the diffusion coefficients of free particles when we introduce the vibrational energy, we take the first order in the expansion of the root in the Hamiltonian, and also, assume that the collision is between identical particles and the molecules of different species do not collide with each other due to their different size and charge. Under these considerations we can obtain the canonical partition function and the momentum distribution. Thus, we estimate the collision number and the mean free path that allow us to achieve the following expression for the diffusion coefficient of each molecule by statistical procedures ͓32͔:
where n is the number of molecules per unit volume, tot is the collision cross section and D 0 is the diffusion coefficient, in absence of forcing, Please note that for A 2 w 2 = 0 we recover the values of the diffusion coefficients in the free of forcing system.
As Fig. 2 shows, the free diffusion coefficients decrease with increasing mass, but when forcing is considered, heavier particles have larger vibrational energy and, therefore, their diffusion coefficients grow larger. This behavior for the diffusion coefficients changes the dynamics of our system and modifies the wavelength or wave number of the patterns ͑the wavelength for these structures can be analytically calculated given a model ͓33͔͒. Turing pattern wavelength is mainly controlled by diffusion. In fact, for large enough forcing amplitudes we can even violate the Turing conditions ͓33͔ and get out of the Turing domain, as it is shown in Fig. 3 .
When we increase the vibration energy, the diffusion coefficients change according to Eq. ͑5͒ and the wave number is modified, i.e., the wave number decreases ͑and wavelength increases͒ until the Turing conditions fail to be fulfilled. This is shown in Fig. 3 . Additionally, we can write an expression for the relative variation of the forced wavelength versus the resting wavelength as follows: 
where 0 stands for the value of the wavelength when no external forcing is present ͑ 2 A 2 =0͒. ⌰ u,v is a dimensionless parameter given by f u,v and g u,v are the elements of the Jacobian matrix, for the reaction-diffusion system evaluated at the fixed point. Note that the nondimensional term, ⌰ u,v allows us to compare easily theoretical results with simulations or experiments.
B. Simulations
To verify the theoretical predictions of the model developed in the previous section we perform numerical simulations of the Eqs. ͑1͒ and ͑2͒ that are known to represent the reaction-diffusion dynamics of our BZ-AOT system coupled with the diffusion coefficients given by Eqs. ͑5͒ and ͑6͒. We measure the wavelength increment, ⌬, produced when we introduce different forcings ͑given by 2 A 2 ͒. Figure 4 shows how the wavelength of the forced Turing pattern is slightly larger than in the resting case. Wavelengths were calculated by using the two-dimensional Fourier transform, thus we can measure the wavelength increment ͑⌬͒. In this case we measure an increase of 18.5% with respect to the resting wavelength.
IV. EXPERIMENTAL RESULTS
Experiments were performed with the setup and procedures described in Sec. II. In order to measure the wavelength we follow a similar procedure as in the numerical simulations. We take an image of the developed pattern as shown in Fig. 5͑a͒ , and we perform a two-dimensional Fourier transform of the processed image shown in the inset in Fig. 5͑b͒ . Given the radial symmetry of the Fourier transform, we average over the radial coordinate for each radius obtaining a curve as in Fig. 5͑b͒ . Here the maximum corresponds with the pattern wave number and the error of the measurement is estimated by the full width at half maximum ͑FWHM͒ of the radius or wave number distribution.
This modus operandi is repeated for various pairs of samples ͑vibrated and at rest͒ and we calculate the relative increments of the wavelength ͑⌬͒. These increments are shown in Fig. 6 versus the amplitude of the forcing. Note that the uncertainty at low-forcing is larger because in this range, the difference between the forced and resting samples is smaller since the wave number peaks are very close. This figure also includes the theoretical prediction ͓Eq. ͑7͔͒ and the numerical results in good agreement.
V. DISCUSSION AND CONCLUSIONS
Pattern formation under external forcing is an issue of interest for diverse disciplines, in particular for nonlinear dy- namics. A lot of work has been developed in order to elucidate different phenomena occurring in this kind of systems: light forcing, moving boundaries, flow, etc. In this work, we performed experiments where Turing patterns, in twodimensional BZ-AOT system, develop under external sinusoidal forcing vertically to the system. This forcing is such that, convective flows are not allowed, and so, only diffusion processes can take place. Thus, the energy of the forcing is spent on increasing the internal degrees of freedom of the system, in a similar way as temperature does, and, therefore, the molecular diffusion is modified producing macroscopic effects. Turing patterns wavelength is very sensitive to the diffusion process, so we determine how it changes when the diffusion coefficients are modified, due to the presence of the forcing.
First, we developed a theoretical model, based on statistical mechanics. Following standard procedures in statistical mechanics to determine macroscopic observables for the activator and the inhibitor, we estimated the average momentum, collision number or mean free path; thus, allowing us to determine the changes in the diffusion coefficients with the forcing and, subsequently, the increment produced in the wavelength. Numerical simulations of Eqs. ͑7͒ and ͑8͒ show good agreement with the predictions. Increasing the vibrational energy results in a larger pattern wavelength. Even more, the Turing domain in the phase space shrinks as the amplitude of the forcing is increased ͑Fig. 3͒.
Experiments were also performed in the BZ-AOT reaction subjected to a periodic temporal forcing. Here, we measure the wavelength increment for different forcing values, concluding that experiments agree with models, and therefore all results are consistent ͑Fig. 6͒. Experimental limitations of the strength forcing ͑up to 2 A 2 = 2.2 m 2 s −2 ͒ invalidate the possibility to reach different kind of Turing bifurcations, which are present for upper values in the numerical simulations. The theoretical approach here presented can be applied to other situations where external forcing influences transport in the system through diffusive mechanisms but when no flow or convection is allowed. 
